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ABSTRACT: The effect of fluctuating (nonpreaveraged) hydrodynamic interaction (HI) on the hydrodynamic-
radius expansion factor au for the Gaussian chain with excluded volume is theoretically examined in the
uniform-expansion approximation within the framework of the theory previously developed for the
unperturbed Gaussian chain with fluctuating HI. It is shown that au may be given by the product of the
Zimm hydrodynamic-radius expansion factor ag) and a newly introduced factor, which represents the
present effect of fluctuating HI on ay and is generally smaller than unity. Thus it is concluded that the
fluctuating HI decreases ay from ag). An approximate interpolation formula for ay is also constructed
as a function of the conventional excluded-volume parameter z and is completed by replacing z by the
scaled excluded-volume parameter 7 in the quasi-two-parameter scheme.

I. Introduction

In a series of recent experimental work on the
excluded-volume effects in dilute solutions of oligomers
and polymers,! it has been found that the effects of chain
stiffness on the gyration- and viscosity-radius expansion
factors og and a, remain large for such large molecular
weight M where the ratio of the unperturbed mean-
square radius of gyration (§2), to M already reaches its
coil-limiting value independent of M.175 It has then
been shown that such behavior of ag and a,, which is
inconsistent with the conventional two-parameter theory
prediction, may be well explained in the quasi-two-
parameter scheme. This scheme assumes that og and
oy are functions only of the scaled excluded-volume
parameter Z (instead of the conventional z), which is
defined to become asymptotically identical with z in the
Yamakawa—Stockmayer—Shimada theory®~8 that takes
account of the effects of excluded volume and chain
stiffness on the basis of the helical wormlike (HW)
chain.%1® We are now in a position to proceed to
examine whether the new scheme is or is not valid for
another expansion factor, i.e., the one, which we desig-
nate by ay, for the hydrodynamic radius Ry determined
from the translational diffusion coefficient D.

However, there still remains a theoretical problem to
be resolved even within the framework of the theory for
flexible (Gaussian) chains prior to an experimental
study of au. Historically, the problem was first pre-
sented by Zimm,! who showed that the Kirkwood—
Riseman—Zimm values!2~14 of the ratio go of (S22 to
Ruyp and of the Flory—Fox factor ®¢ as defined as the
ratio of the (molar) hydrodynamic volume defined from
the intrinsic viscosity [17]y to (S2)¢%2 for long unperturbed
flexible (Gaussian) chains (without excluded volume) are
about 13 and 12% too high, respectively, based on his
Monte Carlo evaluation of Dy and [7]y with fluctuating
(nonpreaveraged) hydrodynamic interaction (HI) in the
rigid-body ensemble approximation. (Here and hereaf-
ter, the subscript 0 refers to the unperturbed value.)
Subsequently, Fixman!516 has derived the decrease in
0o below the Kirkwood value 1.505, depending on the
local structure and hence the stiffness of polymer chains,
from the theoretical evaluation of D; at zerc time with
the fluctuating HI. We ourselves have also investi-
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gated!” possible effects of the fluctuating HI on gy by
evaluating Dy at an infinitely long time on the basis of
the HW chain, including the Gaussian chain, with
partially fluctuating (orientation-dependent) HI to find
the decrease (not constant) in go. It should however be
noted that Fixman and Pyun!#19 had already shown the
possibility of the decrease in ®¢ below the Kirkwood—
Riseman value 2.862 x 1023 mol~! by perturbation
theory for Gaussian chains with fluctuating HI but that
the nonuniversality of ®, cannot be derived within the
framework of our theory, although it has been experi-
mentally found that neither gy nor ®; is a universal
constant.? Thus it seems convincing that the fluctuat-
ing HI may also have an effect on an. The purpose of
the present paper is to examine this effect.

Now recall the previous findings?~5 that the data for
o, form a single composite curve irrespective of polymer—
solvent systems when plotted against Z and that the
curve may be approximately reproduced by the Barrett
equation?! (with % in place of z). Thus, it may be
expected that this is also the case with the correspond-
ing Barrett equation? for ay. From a preliminary
analysis of literature data,??~25 however, it has been
found that the experimental values of ay are ap-
preciably smaller than those predicted by the Barrett
equation. Indeed, this difference in the agreement with
experiment between his theories of o, and ay is the
motivation of the present investigation.

In the following paper,?® we make an experimental
study of ay, taking atactic oligo- and polystyrenes as
an example, and compare the results with the present
theory.

II. Fluctuating Hydrodynamic Interaction

As mentioned in section I, it is evident that there
must be effects of fluctuating HI on ay, if any, even for
(perturbed) Gaussian chains. Thus we first derive a
two-parameter theoretical expression for ay as a func-
tion of z for them with fluctuating HI and then simply
replace z by the scaled excluded-volume parameter 2
according to the quasi-two-parameter scheme. It isthen
convenient to begin by giving a brief summary of the
previous results for Dy for the unperturbed Gaussian
chain with fluctuating HI.17

In the previous paper,!” we first derived a length-
coarse-grained kinetic equation for the Zimm center of
resistance R¢ of the (unperturbed) spring—bead model
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(Gaussian chain) composed of N identical springs of
effective bond length a and of N + 1 identical beads,
each with the translational friction coefficient 3s70d,
with # being the viscosity coefficient of the solvent and
d being the effective hydrodynamic diameter of the bead,
by projecting the diffusion equation in the 3(V + 1)-
dimensional full configurational space onto the 3-di-
mensional R¢ space. Then, the memory term in the
kinetic equation, which represents the coupling between
the R¢ space and its complementary one through the
fluctuating HI, was evaluated in the limit of time ¢ —
oo, using the Oseen HI tensor (partially) preaveraged
only over the magnitude of the vector distance between
any two centers of beads with its orientational depen-
dence being retained. (Recall that the Zimm center of
resistance is the point R¢ such that the space R is
decoupled from its complementary space if the Oseen
HI tensor is preaveraged.) Finally, an expression was
derived for Dy(#) in the limit of ¢ — <, which is the
quantity of interest in usual experiments on it.
The result for Dy may be written in the form

D, = Dy(=) =DP(1 - b,,) (1)
where D is the Zimm translational diffusion coef-
ficient* given by

DP = kpTT(5/4)/3aT(3/4),(8%),"* (Zimm) (2)
with kg the Boltzmann constant, 7 the absolute tem-
perature, I the gamma function, and d, representing
the correction term due to the fluctuating HI and being
a function of the reduced hydrodynamic thickness d/a

of the chain (relative to the effective bond length). Itis
given by

Sy o(d/a) =

[(3/8)"T(8/4)/aT(5/4))(d/a)N 2 2 Soxgn ™" (3)

where /1 o is the kth diagonal element (multiplied by
37mnod) of the Fourier representation of the (unper-
turbed) diffusion matrix in the subspace complementary
to the R¢ space, and Sy is given by

Sor=
na® wp - 1/2)k
—sin Z WyW, €08 ——————
6 2(N+1)p,pqq 1 N+1
p=p'g
alq — Yk .
cos Nil (RoYo(Ro)o(Pylcos Yopag Do 4

In eq 4, R, is the magnitude of the vector distance R,y
from the center of the pth bead to that of the p’th one,
P; is the Legendre polynomial, y,p 4, is the angle
between the vectors Ry, and Ry, (...)o indicates an
equilibrium average in the unperturbed state, and w,
p=1,2,.., N+ 1) are the factors determined so that
the sum of w,R, with R,, the vector position of the pth
bead, may be identical with R¢ under the condition that
2,wp, = 1. In practice, the factor w, has been put

=N+1)7! (5)

independently of p in the numerical evaluation of S .17
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Figure 1. Plots of 819 against d/a for the Gaussian chain.
The unfilled circles represent the theoretical values and the
solid curve represents the values calculated from the inter-
polation formula given by eq 6.

Table 1. Values of d1,0 and g¢ as a Function of the
Reduced Hydrodynamic Thickness d/a

dla d1,0 Q0 dla 01,0 Qo
0 0 1.479 0.4 0.080 1.361
0.02 0.016 1.455 0.5 0.087 1.350
0.04 0.027 1.439 0.6 0.093 1.341
0.06 0.035 1.427 0.7 0.100 1.331
0.08 0.041 1.418 0.8 0.106 1.322
0.1 0.045 1412 0.9 0.114 1.310
0.2 0.061 1.389 1.0 0.125 1.294
0.3 0.072 1.373

As discussed previously!? in some detail, the sum on
the right-hand side of eq 3 multiplied by N2 converges
on a finite value in the limit of N — o, so that di1
vanishes for d/a = 0. In the second and fifth columns
of Table 1 are given the values of d; evaluated as a
function of d/a in the limit of N — «. We note that the
values of 0, for d/a = 0.1, 0.2, 0.3, 0.4, 0.5, and 1.0
have been reproduced from Table IV of ref 17, and the
others (except for the trivial case of d/a = 0) have been
evaluated by the same procedure as before,!” i.e., by
extrapolating the values calculated numerically for N
= 99, 249, 499, and 999 (for each value of d/a) to N~1/2
= 0. In Figure 1, the values of 41 given in Table 1 are
plotted against d/a (unfilled circles). For later conven-
ience, we have constructed an approximate interpolation
formula for 61 9(d/a). The result reads

81 o) = 0.12¢*#® 0O<x=<1) (6)
In the figure, the solid curve represents the (ap-
proximate) values of 8 o calculated from eq 6. The error
in the value of 8 calculated from eq 6 does not exceed
4.2% for 0.06 < x < 1.0. Although the errors for d/a =
0.04 and 0.02 are 11 and 39%, respectively, the ap-
proximate formula is good enough for our later use.

Now we consider the transport factor ¢ defined by

0 = (SR, (D
where
u = kgT/67n,D 8

Note that ¢ may be defined in both the unperturbed and
perturbed states.
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In the unperturbed state, we have from eqs 1 and 8
Ryo=RE(1-6,97" 9)

where Rgfo is the Zimm hydrodynamic radius of the
unperturbed Gaussian chain defined by

R, = kyT/6mn,DY’ (10

with DE)Z) given by eq 2. From eq 7 with eqs 1 and 8, we
then have

= o1 = b, ) (11)
where o is the Zimm value of gy and is given by

(Z) (SZ> 1/2/R(Z) —

2F(5/4)/F(3/4) =1.479 (Zimm) (12)
In the third and sixth columns of Table 1 are given the
values of g¢ calculated from eq 11 with eq 12 and with
the values of 61 given in the second and fifth columns
of the table. It is seen that g decreases from the Zimm
value 1.479 to 1.294 as d/a is increased from 0 to 1
(corresponding to the touched-bead spring—bead model).

In the perturbed state, both (S22 and Ry appearing
in ¢ are generally larger than the respective unper-
turbed values {(S2),2 and Ry, because of the excluded-
volume effect, as given by

(8% = ($%)as” (13)

Ry =Ry 0y (14)
so that we have

0 = 00Oy (15)

As in the unperturbed state, Ry may be factored into

the Zimm hydrodynamic radius R without fluctuat-
ing HI and the correction for it, i.e.,

Ry =RZ1 —6)™" (16)

This is rather the defining equation for ;. From eq 14
with eqs 9 and 16, we have

= o¥fy 7

where ag) is the Zimm hydrodynamic-radius expan-

sion factor defined by
& =R{/RT, (18)

and fy is the factor representing the correction for the
fluctuating HI and is given by

1-6,
fa =105,

(19)

The factor af¥’ may be evaluated following the Kirk-
wood—Riseman theory!'? without the approximation
employed by them in the solution of the integral
equation. Its first-order perturbation calculation has
already been done with the result?’

Macromolecules, Vol. 28, No. 10, 1995

o =1+ 0.5932 — (20)
where z is now defined by®8

z = (3/27)*2(\B)AL)"? (21)

with A~! the static stiffness parameter of the HW chain,
B the excluded-volume strength (between beads), and
L the total contour length of the chain, in the HW
language. For later convenience, we also give the
Kirkwood hydrodynamic-radius expansion factor o.g{)
evaluated from the Kirkwood general formula for D.13
Its first-order perturbation calculation has been carried
out by Stockmayer and Albrecht?® with the result

oy =1+ 0.609z — (22)

Its asymptotic form in the limit of z — « has also been
obtained by Barrett?? as

lim off = 1.132%2 (23)

o

In the next section, we evaluate fy.

III. Uniform-Expansion Approximation

It is quite difficult to evaluate fi, and hence d;, even
for the Gaussian chain by considering explicitly excluded-
volume interactions. For simplicity, therefore, we evalu-
ate it in the uniform-expansion approximation,?® which
consists of scaling a by the factor ag from the start.

Then, 6; may be written in the form
6, = 0, ((d/a) (24)
where @ is defined by
a = aog (25)

It is seen from eq 24 with eq 25 that the effective
reduced hydrodynamic thickness d/a is decreased by the
expansion of the chain due to the excluded-volume
effect. From eq 19 with eq 24, the factor fy, which is
eventually a function of og and d/a, may be written in
the form

fulosdle) =15 " @) 26)

81,0(x) is a monotonically increasing function of x (for 0
< x =< 1), as shown in section II, and therefore we have

fulog,dia) =1 forag=1 27

We note that the (original) error in the value of d1p
calculated from eq 6 causes the (final) error in that of
fu which is at most only about one-tenth of the former
since 01 o(x) varies from 0 to 0.12 at most for 0 <x < 1
(see Table 1), so that the latter error does not exceed
1% over the whole range of x.

In Figure 2, the values of fi calculated from eq 26
with eqs 6 and 25 for d/a = 0.2, 0.5, and 1.0 are plotted
against the logarithm of as. For d/a = 1, fu decreases
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Figure 2. Plots of fi against log ag and log 2 for the values of
d/a indicated.

monotonically from 1 to 0.88 as o is increased from 0
to infinity. The change in fu becomes small as d/a is
decreased.

IV. Approximate Formula

By the use of the expression for fi derived in section
III, we may calculate ay as a function of z for the
perturbed Gaussian chain, adopting proper expressions
for as and a2

As in the previous studies,!™> we use the Domb—

Barrett equation for ag,% i.e.,

ag® =[1+ 10z + (702/9 + 10/3)2% + 87%%°1715 x
[0.933 + 0.067 exp(—0.85z — 1.392%)] (28)

We note that although this equation has been con-
structed to give the first- and second-order perturbation
coefficients, 1.276 and 2.082, and also the asymptotic
form?®

lim og® = 1.5482%° (29)

200

it cannot give the exact second-order perturbation
coefficient but only its approximate value 2.220. Then
fu as a function of z is given by eq 26 with eqs 6, 25,
and 28. For small z, it may be expanded as

__0033d/a)’®
1- 012/’

fu= (30)

Thus the first-order perturbation coefficient of oy
becomes somewhat smaller than that of of2. In Figure
2, the values of fi calculated from eq 26 with eqs 6, 25,
and 28 for d/a = 0.2, 0.5, and 1.0 are also plotted against
the logarithm of z.

As for a7, we use the Barrett equation,2?

o = (1 + 6.09z + 3.592)%! (31)

Strictly, this an does not correspond to the Zimm ag)

but to the Kirkwood ofY, since eq 31 has been con-
structed by interpolation from the first-order perturba-
tion solution given by eq 22 and the asymptotic form
given by eq 23. As seen from eqs 20 and 22, however,
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Figure 8. Double-logarithmic plots of oy against z. The solid
curves represent the values calculated from eq 17 for the

values of d/a indicated and the dotted curve represents the

Barrett values of of? calculated from eq 31.

the difference between the first-order perturbation

coefficients for af?’ and oY is very small, the latter

being 2.7% larger than the former. Furthermore, we
have calculated numerically the coefficients in the

asymptotic forms of ag) and ag{) to be 1.164 and 1.16,,
respectively, and have confirmed that the difference
between off and ofy in the limit of z — o is also
negligibly small. (We note that the minor difference
between the original Barrett value 1.13¢ in eq 23 and
the above value 1.169 may be regarded as arising from
that between the numerical-integration procedures used
by Barrett?? and us.) Thus it is not necessary to
distinguish between ofY and a{y’ in a practical sense.

This is the reason why we have adopted the Barrett

equation as an expression for o,

Then, the desired approximate formula for oy is given
by eq 17, where the factor ag) is given by eq 31 and the
factor fu is given by eq 26 with eqs 6, 25, and 28. In
Figure 3, the values of oy thus calculated for d/a = 0.2
and 1.0 are plotted double-logarithmically against z. In
the figure, the dotted curve represents the values
calculated from ag = of¥ (with fiz = 1).

Finally, the above formulas are completed by the
replacement of z by Z in the quasi-two-parameter
scheme, as mentioned at the beginning of section II.

V. Discussion

As shown in section I, if the effect of fluctuating HI
is taken into account within the framework of our theory
previously!? developed, the hydrodynamic-radius expan-
sion factor oy for the Gaussian chain may be given by
the Zimm hydrodynamic-radius expansion factor ag)
multiplied by the newly introduced factor fu, which
represents the present effect on the excluded-volume
interaction. Then, in section III, fi has been shown to
be generally smaller than unity, so that oy is smaller
than ag). This may be regarded as arising from the
fact that the increase in the hydrodynamic radius from
the Zimm value due to the fluctuating HI is smaller for
the perturbed chain than for the unperturbed chain,
since the effective reduced hydrodynamic thickness is
smaller for the former than for the latter.

The present result implies that the plot of oy against
2 depends on the unperturbed reduced hydrodynamic
thickness d/a if z is replaced by Z according to the quasi-
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two-parameter scheme. However, this dependence is
too small to detect in the present experimental accuracy.
Thus the quasi-two-parameter theory may be considered
to be valid also for ag, which is then actually a function
of 2. In a comparison of the present theory with
experiment made in the following paper,?® we adopt the
value 1.0 of d/a, for convenience, since it then gives the
value 1.294 of oo which is close to the observed values
1.26—-1.29.2° In anticipation of the comparison, how-

ever, we here only note that d1, i.e., the decrease in

oy from a(}%) may probably be underestimated since the

HI tensor has been partially preaveraged.

Finally, it should be noted that the effect of fluctuat-
ing HI considered in the present paper is not the
draining effect, since for small hydrodynamic thickness
the former effect becomes vanishingly small, while the
latter becomes significant.
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